The low energy structures of irradiation-induced defects have been studied in detail, as these determine the available modes by which a defect can diffuse or relax. As a result, there are many studies concerning the relative energies of possible defect structures, and empirical potentials are commonly fitted to or evaluated with respect to these energies. But recently [Dudarev et. al. Nuclear Fusion 2018], we have shown how to determine the stresses, strains and swelling of reactor components under irradiation from the elastic properties of ensembles of irradiation-induced defects. These elastic properties have received comparatively little attention. Here we evaluate relaxation volumes of irradiation-induced defects in tungsten computed with empirical potentials, and compare to density functional theory results where available. Different empirical potentials give different results, but some potential-independent trends in relaxation volumes can be identified. We show that the relaxation volume of small defects can be predicted to within 10% from their point-defect count. For larger defects we provide empirical fits for the relaxation volume of as a function of size. We demonstrate that the relaxation volume associated * daniel.mason@ukaea.uk 1 arXiv:1812.06874v1 [cond-mat.mtrl-sci] 17 Dec 2018 with a single primary-damage cascade can be estimated from the primary knock-on atom (PKA) energy. We conclude that while annihilation of vacancy-and interstitial-character defects will invariably reduce the total relaxation volume of the cascade debris, empirical potentials disagree whether coalescence of defects will reduce or increase the total relaxation volume.
Introduction
Just as it has been long acknowledged that the effect of radiation on materials is inherently multi-scale both in time-and spatial-dimension, so it is accepted that to model these effects requires transfer of high quality data from one model to the next [1] . The form of the data required by a coarse-grained model will vary according to its requirements, but a typical workflow in nuclear materials modelling is to find high quality structural information about individual defects from Density Functional Theory (DFT) [2, 3] , information about the cascade generation process from Molecular Dynamics (MD) [4, 5, 6] , and about cascade evolution using object or atomistic Kinetic Monte Carlo (KMC) [7, 8, 9] or Cluster Dynamics (CD) [10, 11] . This has proved successful for modelling the experimentally observed size and distribution of irradiation-induced defects formed in pure single crystalline materials [12, 9] .
Recently we have shown that it is possible to compute stresses and strains in reactor components on the macroscopic scale of centimetres and metres from the distribution of irradiation-induced defects [13] . As a source term, this model requires the spatially varying density of relaxation volumes of defects, and so allows the direct simulation of volumetric radiation-induced swelling and the associated stresses from an atomistic or object-based model. At the nanoscale, lattice swelling is experimentally measurable using Micro-Laue diffraction [14] . On a macroscopic scale, predicting the stress state of components arising from irradiation is fundamental to the successful engineering design of a nuclear fission or fusion power plant [15, 16, 17] . One outstanding issue, which this paper is intended to address, is to have good data for the relaxation volumes of lattice defects, as while accessible from simulation for years, reporting this information has been somewhat neglected in favour of establishing accurate values of formation energies and ground-state structures. For example, a comprehensive compilation of data on relaxation volumes of individual self-interstitial and vacancy point defects derived from DFT calculations has been reported only recently [18, 13, 19] .
Here we focus our attention on a single nuclear material, tungsten. Tungsten has been chosen as a divertor material for ITER [20, 21, 16] as it has a high melting point, high thermal conductivity and high resistance to sputtering. For our purposes tungsten is also well-suited to this preliminary study of relaxation volumes as it is nearly elastically isotropic [22] . This simplifies the expressions needed and so permits a simple analysis, but is by no means a requirement of the atomistic techniques used here [18] . In section 2.1, we compute the relaxation volumes of small defect clusters, and compare the results obtained with several embedded atom (EAM) potentials with those derived from DFT. In section 2.2, we move on to larger lattice defect objects. As the number of configurational degrees of freedom becomes very large, we focus on a standard set of idealised dislocation loops and voids, which often form a basis set for object kinetic Monte Carlo or Cluster Dynamics simulations. In section 2.4 we consider interacting groups of defect clusters generated in high energy collisions simulated by MD.
Early estimates of formation volumes for point defects in tungsten were established by Johnson [23] , using an empirical potential. This work found a negative relaxation volume for a vacancy (−0.21Ω 0 , where Ω 0 is the atomic volume), and a positive relaxation volume for the interstitial (+1.13Ω 0 ). DFT calculations by Kato et al. [24] confirmed the relaxation volume for the vacancy as negative, at −0.34Ω 0 , a figure which has since been reproduced several times. The relaxation volume of a 1 / 2 111 interstitial defect was shown to be large and positive in DFT calculations at +1.68Ω 0 [25] in a small 4x4x4 supercell, later confirmed by other DFT calculations [18, 19] .
We demonstrate that empirical potentials give varying results for the relaxation volumes of irradiation defects. This is an expected result, as these properties of defects were never originally used as input data during the parameterization of potentials. The relaxation volumes do, however, show systematic trends across potentials. It is beyond the scope of this paper to provide a comprehensive comparison of empirical potentials, instead our comparison will focus on three empirical potentials, which should give an indication of the possible variation.
• The Derlet-Nguyen-Manh-Dudarev (DND) potential [26] , has been shown to produce cascade structures that are a good match to experiment [6, 12, 27, 28, 29] .
• One of the four potential parameterizations developed by Marinica et al.
(CEA-4) [30] , which has a good balance between the predicted point-and extended defect properties. This potential was developed from the DND and AM04 [31] potentials with additional fitting to the forces on atoms in disordered systems.
• A new potential parameterization by some of the authors (MNB) [32] , which is a development of the smooth and highly-transferable AcklandThetford potential [33, 34] , corrected to give better properties for vacancytype structures.
We present simple empirical formulae for the relaxation volumes of defects that might be used for predicting stresses and strains in engineering components containing these defects [13] . As tungsten is (nearly) elastically isotropic, it suffices to present results in terms of a single relaxation volume, and the relaxation volume anisotropy parameter, defined as the ratio of the smallest to largest partial relaxation volumes. We present the simple formulae required to switch between this representation and the full dipole tensor for the defect.
Finally in section 3 we compare our results with analytical formulae derived using linear elasticity and surface energies, and in section 4 we discuss the predictive power of our results.
Relaxation volume of defect structures
Relaxation volumes can be computed for isolated defects and relaxed cascade configurations using several methods. As a validating convergence study, we compare three methods: the stress method, the cell relaxation method, and the free surfaces method:
• The stress method. The atom positions are relaxed in a periodic supercell, with the vectors defining the supercell repeat fixed. The stress is computed on each atom and summed to give a single tensor for the cell. The relaxation of a body free from surface tractions due to the defect is predicted from this stress using linear elasticity theory. The lattice vectors of the simulation cell never need to be updated.
• The cell relaxation method. As with the stress method, the atoms are relaxed in a periodic supercell, and the stress is computed. From this a strain is computed, but in contrast to the stress method this is then applied to the supercell. The vectors defining the supercell repeat are updated and the relaxation process is repeated until convergence. This iterative process of relaxing first the atoms and then the cell differentiates this method from the stress method.
• The free surface method. A large sphere of atoms is constructed and relaxed, producing a body with explicitly free surfaces. Then the defect is constructed inside the sphere and the entire structure is relaxed again. The volume of a (distorted) spheroid after relaxation is more difficult to compute than with a periodic supercell, as it is not clear where the surface should be drawn. However, the volume enclosed by the convex hull of the atoms V hull is easy to compute using qhull [35] . From this we can estimate that the volume of the sphere is V spheroid = V hull (R + r) 3 /R 3 , where R is the maximum radius of atom positions on the convex hull, and r = a 0 /4 is one quarter the lattice parameter, which is half the distance between {100} planes in a bcc crystal. Note that this same excess linear correction r would be required to find the volume of a periodic supercell from the convex hull of the atoms contained within.
In this work we do not consider the method of Kanzaki forces [36, 37] , or the method of matching displacements [38, 39] for estimating relaxation volumes using the harmonic region of the crystal only.
To compute the stress and hence the strain in an atomistic simulation with periodic boundary conditions we compute the dipole tensor as the integrated stress over the cell [40, 41] 
The dipole tensor may also be expressed in terms of a symmetric dual tensor, Ω kl , characterizing the volumetric relaxation of the defect [18, 13] 
where C ijkl are the elements of the fourth-rank tensor of elastic constants. From this dual tensor we can find the relaxation volume Ω rel of the defect characterizing the volumetric relaxation of an elastic body free from surface tractions [40] ,
where Ω (i) are the three eigenvalues of the tensor Ω kl , corresponding to the three partial relaxation volumes. Hence we can find the elastic relaxation volume of the defect using a constant-volume calculation, if the elastic constants and dipole tensor of the defect are computed.
For an empirical potential, P ij can be computed simply and analytically. For the embedded-atom form we compute the energy as a sum over pairwise and many-body contributions:
is a pairwise interaction, ρ a = b φ(r ab ) models the embedding electron density and F [ρ] is the many-body embedding energy. The dipole tensor is
where r ab is the separation between atoms a and b and r ab,i is its i th Cartesian coordinate. This is a simple sum over atoms and their neighbours, using the same first derivatives as a force calculation, and so is trivially implemented in any MD or atomistic MS code. The (fourth-rank) elastic constant tensor can be computed analytically from the second derivative of energy with respect to strain [33] . The computed elastic constants are given in table 2.
A plot showing the convergence of the numerical procedure for computing the relaxation volume of a 19-interstitial loop with system size is shown in figure  1 . Extrapolating to infinite system size suggests all three methods converge to the same result, though at any given finite system size there will be an error, typically scaling as inverse system size 1/n ( voids relaxed with explicitly free surfaces being an exception, converging as the inverse radius of the free sphere 1/R. ) This 1/n convergence was also observed recently by Varvenne & Clouet [39] , who attributed this leading error term to the interaction between periodic images. Some indicative data are also given in table 1 proving that the stress method with large supercells is suitable for the structures considered in this work. Relaxation volumes computed with the EAM potentials in this paper are computed using the dipole tensor method at a converged supercell size. Relaxation volumes computed with DFT were computed using the full cell relaxation method. free surface cell relax stress method Figure 1 : Above: Example convergence study for relaxation volume of the 19 interstitial cluster computed using three methods. All three methods converge to very similar values, with a system size error inversely proportional to system size n. Best fit lines are indicated to guide the eye. Calculations were performed with the MNB potential. Other potentials and other defects show qualitatively similar results. Below: Geometry used for free-surface calculations. An unsupported free sphere of atoms was constructed and relaxed, then a defect generated in the centre and the atoms relaxed again. The volume before and after the defect was placed was computed using qhull [35] . One half of the sphere is shown [42] , together with high energy atoms of the defect. Atoms are coloured by excess potential energy from 0 eV (blue) to 2 eV (red). Atoms with energy under 0.1 eV are not shown. In this image a 55 interstitial loop is embedded in a sphere of 180000 atoms, and relaxed with the MNB potential.
Small defect structures
In this section we compute the elastic properties of small defect clusters. For sufficiently small clusters we can perform a fairly comprehensive survey of possible structures, and so find the bounds of the variation of the relaxation volumes. The question of which are the most significant set of small clusters to use is rather more difficult. Generally, for a cluster containing N point defects, we might expect to find only a small number of structures within a few meV of the ground state. At low temperatures these are the only ones which need to be considered in equilibrium. But radiation damage is an inherently nonequilibrium process. The system can generally reduce its internal energy by coalescing clusters, and the true equilibrium is only found when nearly all de- Table 2 : The lattice constant a 0 (inÅ) and elastic constants (in eV/Å 3 ) of bcc tungsten, from [25] . The surface energies of bcc tungsten in eV/Å 2 . Average surface energy computed using equation 38. Experimental elastic constants from ref [43] , and surface energy from ref [44] .
fects have recombined or diffused to sinks. The structures that may actually be found at some time after the cooling of a displacement cascade could therefore be, briefly at least, rather exotic.
Randomly generated interstitial clusters were generated by placing N additional atoms into an otherwise perfect crystal, then relaxing. The extra atoms were placed at random into [l, m, n]a 0 /4 crystal positions, with 0 ≤ lmn < 4, with the constraint that an atom was not placed if another was already within a distance a 0 /2. All extra atoms were placed in a central block of 2 × 2 × 2 unit cells. The relaxation volumes as a function of formation energy and cluster size are presented in figure 2 . We have not put results from CEA4 on this scatter plot. CEA4 has a good deal of structure in its potential, which allows for a very large number of metastable high energy defect clusters to form. On figure 2, this would appear as an almost structureless cloud and we conclude our method of randomly generating interstitial clusters is not suited to this potential.
DFT calculations of small interstitial clusters were performed for this work using the VASP ab initio simulation code, using the PAW method [45, 46, 47] with semi-core electrons included through the use of pseudo-potentials. It is important to emphasize that the inclusion of semi-core electrons in the valence states has a significant effect on the predicted formation energies of selfinterstitial atom (SIA) defects for all the bcc transition metals [2, 48, 49] , and play important role on the quality of inter-atomic potential in predicting nonequilibrium properties in tungsten from cascade simulations [50] . Exchangecorrelation effects were described using the Perdew-Burke-Ernzerhof generalised gradient approximation [51] . A kinetic energy cut-off of 400 eV was used, with a 3 × 3 × 3 Monkhorst-Pack grid for electron density k-points employed in the case with super-cell (8x8x8) calculations (1024 + N atoms, with N up to 22 atoms) for the 1 / 2 111 and 100 interstitial defects. The set of interstitial defect clusters used was the same as in ref [52] , with the difference that in the earlier work the energies reported were in the constant volume approximation employing the Varvenne cell size correction [41] , whereas here the full cell relaxation method was used. The slab model including a 18Åvacuum between the top and bottom surfaces has been employed for calculations of W(100), W(110), W(111) and W(211) surface energies where 15, 15, 24 and 24 layers were used, respectively, to ensure the DFT convergence.
Randomly generated vacancy clusters were produced by removing atoms on a random path through an otherwise perfect crystal. The path was allowed to move in 111 and 100 directions, and allowed to overlap itself. A path of length L steps leads to ≤ L vacancies placed in a loose cluster. These vacancy clusters were then relaxed and the lowest energy structures were passed to DFT for a comparison calculation. It is important to emphasize that in the present DFT calculations for both SIA and vacancy clusters, the full cell relaxation method has been adopted to investigate the relaxation volume of defect structures. Details of the DFT calculations can be found in Ref. [32] . Results are shown in figure 3 .
Two trends are immediately apparent in figures 2 and 3. Firstly, we see that larger clusters have a lower formation energy per point defect. This is just DFT values for energies and relaxation volumes from Ref. [13] are shown with filled circles. Crosses: the values computed with MNB potential, open circles are the values computed using the DND potential. Shaded ellipses are drawn to guide the eye to the regions covered by data generated uisng the relevant potentials. Note that the DND potential tends to predict a higher formation energy and lower relaxation volume of a defect cluster than the MNB potential.
an illustration of the reduction in energy due to coalescence. But we also can see that the magnitude of the relaxation volume reduces with cluster size. By coalescing, the volume strain on the lattice required to accommodate defects is reduced.
The second trend we see is that the distribution of relaxation volumes is small, of order ±0.1 atomic volume per point defect. A visually striking consequence of this is that the scatter plots for different potentials do not significantly overlap, but this is of limited physical significance as the offset for each potential is a consequence of its fitting, and the fitting did not consider relaxation volume.
The true physical significance of this result is that even if the exact structure of a defect cluster is not known, its relaxation volume can be estimated from its size alone. The accuracy in the estimate of the relaxation volume may be rather low, as the different potentials given different offsets, but this lack of accuracy will itself be small compared to the current accuracy in modelling the time-dependent evolution of cascades.
Tabulated values of the relaxation volumes of low energy small defect clusters are given in table 3.
Lowest energy defect structures
Having considered randomly-generated defect clusters, we now turn our attention to larger low energy defects. Experimentally, both the 100 and DFT values for energies are from Ref. [32] , the relaxation volumes were computed in this study, and are shown with filled circles. Crosses: the values computed with MNB potential, open circles with DND potential. Shaded ellipses are drawn to guide the eye to the regions covered by the potentials. Note that the DND potential tends to predict a lower formation energy and smaller magnitude relaxation volume than the MNB potential. The CEA potential predicts the smallest relaxation volume. The MNB potential data have a high degree of overlap with the DFT relaxation volume data.
interstitial and vacancy-type loops are observed in ion-irradiated ultra-high purity tungsten foil in the TEM [53, 9] . We will consider these four loop types as idealised, planar, circular, prismatic loops, such as might be the basis set for time-evolution in object kMC or CD. To these objects we add the spherical voids. It may be that, especially at larger sizes, the facetted voids, or hexagonal prismatic loops have slightly lower energy [54, 55] . For our purposes it is not necessary to guarantee that we have the true ground state of a defect cluster as we are attempting to find trends that govern the variation in relaxation volume, independent to the choice of interatomic interaction potential.
We construct the prismatic loops and spherical voids using the procedure proposed in [56] . Formation energies and relaxation volumes for the interstitial defects are presented in figure 4 , and for vacancy defects in figure 5 . The formation energies are included here as a comparison to previous studies, and we find that our answers agree with results given in Refs. [56, 55] to order of the symbol size.
We can see from figure 4 that the relaxation volume of a large interstitial loop tends to lim N →∞ Ω rel /Ω 0 = N , where Ω 0 is the atomic volume. This result confirms that the volume per atom in an edge dislocation, which is a semiinfinite plane of atoms embedded in a crystal lattice, must be Ω 0 . What is more surprising is the slow rate at which the result converges to this answer. Though the vertical scale in figure 4 is Table 3 : The relaxation volumes (Ω rel /Ω 0 ) of the lowest energy vacancy and interstitial clusters 1 ≤ N ≤ 7. These relaxation volumes were computed using full relaxation of the simulation cell and atom positions.
can be that loops need to be well over one hundred point defects, perhaps even over one thousand before this limit can truly be said to be reached. To give the reader an idea of the spatial scale involved, a circular 1 / 2 111 dislocation loop containing one thousand interstitials has the diameter of 8.5nm. A second interesting feature of figure 4 is that the relaxation volume is not necessarily a monotonic function of N .
A regression analysis of the relaxation volume as a function of size for interstitial loops suggests that an excellent fit can be found for the empirical form
We fit this using least squares fitting to (Ω rel /Ω 0 − N )/ √ N , and find error bar estimates using bootstrapping [57] . Formation energies have been fitted to Ω rel /Ω 0 / √ N using the same method. Fits for the relaxation volumes and formation energies are given in tables 4 and 5 respectively.
In figure 5 we see that the relaxation volume of a large vacancy loop tends to lim N →∞ Ω rel /Ω 0 = −N , and again may be non-monotonic. At small cluster sizes N < 30, however, it is not clear if there should be a single function describing the relation between the relaxation volume and defect size N . Small vacancy loops are unstable with respect to their transformation to open platelets [56] and subsequently to spherical voids, particularly for the DND and CEA-4 potentials, so the smallest relaxed clusters may not be strictly classified as 'loops'. We have omitted small vacancy clusters which show significantly different elastic properties to large loops.
A regression analysis of relaxation volume and formation energy of the C15 structures computed using DFT are tabulated in table 7. The formation energy is fitted to E f = a 0 N +a 1 N 2/3 +a 2 , indicating that the energy is driven by both volume and surface energy terms. The relaxation volume is well fitted by this same form, Table 4 : Linear regression fits for the formation energy (in eV) of interstitial and vacancy loops fitted to the form
The DFT values shown are from this study using the cell relaxation method. Note that the fits should only be considered accurate in the ranges covered by the points in figures 4, 5.
volume per C15 interstitial tends to lim N →∞ Ω rel /Ω 0 = N , as the structure is not bcc. We note that the C15 structures are higher energy than the 1 / 2 111 interstitial dislocation loops. Our fitting suggests that at larger defect sizes C15 will be less stable than dislocation loops.
A regression analysis of relaxation volume and formation energy of voids are tabulated in table 6. The formation energy is fitted to E f = a 0 N 2/3 + a 1 , indicating that the energy is driven by surface energy alone. A regression analysis of the relaxation volume of a void as a function of void size suggests that an excellent fit can be found for the form Ω rel /Ω 0 = b 0 N 2/3 +b 1 , for N > 5. The two-thirds power implies that the elastic relaxation of a void is driven by the minimization of the surface energy of the void, and the resulting elastic contraction of the material around it. Results for the relaxation volumes are given in table 6, and the DFT fit is shown on figure 5 . The MNB potential predictions are in excellent agreement with the DFT results for the relaxation volume. The relaxation volumes of the lowest energy vacancy clusters for 1 ≤ N ≤ 7 are given in table 3. We analyse the relaxation volume of the void using linear elasticity theory in section 3.1.
The anisotropy of the elastic relaxation
In equation 3 we expressed the total relaxation volume as the sum of the three partial relaxation volumes. These three partial volumes, plus the corresponding eigenvectors, completely specify the tensor Ω kl , and hence the dipole tensor method structure Table 6 : Linear regression fits for the formation energy (in eV) and relaxation volume Ω rel /Ω 0 of vacancy clusters and voids. The energy is fitted to the form E f = a 0 N 2/3 + a 1 , indicating a domination by surface energy. The relaxation volume is fitted to the form Ω rel /Ω 0 = b 0 N 2/3 + b 1 , indicating this too is driven by surface energy. The DFT data use the lowest energy structures for 2 ≤ N ≤ 12, the EAM data use the lowest energy structures for 6 ≤ N ≤ 10 and spherical voids for 15 ≤ N ≤ 1067.
2.37 ± 0.06 7.39 ± 0.20 4.92 ± 0.29 1.22 ± 0.01 0.39 ± 0.03 0.87 ± 0.04 Table 7 : Linear regression fits for the formation energy (in eV) and relaxation volume Ω rel /Ω 0 of interstitial clusters in the C15 structure. Energies are fitted to E f = a 0 N +a 1 N 2/3 +a 2 , as suggested by ref [52] , indicating terms dependent on volume and surface area. Relaxation volume are fitted to Ω rel /Ω 0 = b 0 N + b 1 N 2/3 + b 2 . The structures taken were those used in ref [52] , using the cell relaxation method, with sizes 2 ≤ N ≤ 22. table 5 ). Note that the energies for ideal interstitial defects computed with the potentials are very similar, but the relaxation volumes differ considerably, with the DND potential typically predicting smaller values and CEA4 larger.
through eq. (2).
For cubic crystals, it is straightforward to invert the matrix equations and recover the dipole tensor. For the perfect defect cluster shapes considered in section 2.2, one eigenvector describes both the Burgers vector and normal of the loops, and so this task can be accomplished simply and analytically. 
where a and b are numerical parameters with units of energy. The dipole tensor for other symmetry related 1 / 2 111 loops is found by taking negative signs in the off-diagonal elements as appropriate. In cubic symmetry, we can find the elastic compliance tensor (S ≡ C −1 ). Its representation as a matrix in Voigt notation has the simple form:
with d = c , and hence, using equation 2 for tensor Ω kl , we find the partial relaxation volumes
We can define a single dimensionless measure of the anisotropy of relaxation for the structures considered here as a ratio of the smallest to largest (magnitude) partial relaxation volumes,
The value α = 1 indicates that all the three partial relaxation volumes are equal, as should be the case for a spherical void. A value in the interval 0 < α < 1 indicates that the principal lattice relaxation is along the Burgers vector, but there are also smaller relaxations in the two orthogonal directions with the same sign (i.e. compressive or tensile ) as the principal relaxation. The value α = 0 indicates that the only lattice relaxation is along the Burgers vector. A value α < 0 indicates that the principal lattice relaxation is along the Burgers vector, but there are also smaller relaxations in the two orthogonal directions with the opposite sign (i.e. compressive or tensile ) as the principal relaxation. 
Given the value of α and the total relaxation volume Ω rel we can reconstruct the dipole tensor for a 1 / 2 [111] loop as
The same process can be followed for a [001] loop, for which the dipole tensor is
This gives partial relaxation volumes
and the anisotropy coefficient
The parameter d is defined above. Given α and the total relaxation volume Ω rel , we can also reconstruct the dipole tensor for a [001] loop as 
For spherical voids the coefficient α sphere = 1. The dipole tensor for a spherical void can be reconstructed as [18] P 11 = P 22 = P 33 = c 11 + 2c 12 3 Ω rel = KΩ rel
where K is the bulk modulus.
We choose to present a parameterization required to fully reconstruct the dipole tensor as the pair of values {Ω rel , α}. The latter is plotted in figure 6 . Fits to this data are given in table 8.
Cascade simulations
The final set of configurations we consider are taken from the MD cascade simulations dataset provided for the IAEA Visualisation Challenge [58] , generated according to the methodology detailed in Refs. [6, 27] . The simulations were evolved using a stiffened DND potential [59] until a simulated time 40ps. The simulation cell was initially a perfect crystal, with damping applied to atoms with kinetic energy over 10 eV, and with an additional thermostat at the boundaries of the supercell [60] . One atom was given an initial energy of 50-150keV, representing a primary knock-on event, and the final temperature was under 1K. The cascade configurations were relaxed at constant volume using the procedure detailed in Ref. [13] with different EAM potentials, and the relaxation volume computed using the stress method.
The results for the energy and relaxation volume as a function of the number of Frenkel pairs produced are shown in figure 7 . We see that there is a slight 
/Ω (3) Defect size N ½<111> DND <100> DND ½<111> MNB <100> MNB ½<111> CEA4 <100> CEA4 Figure 6 : The relaxation volume anisotropy α, as defined by the ratio of the smallest to the largest partial relaxation volume (see equation 9), for idealised circular prismatic loops.
tendency for a lower energy per Frenkel pair for the largest cascades. This may indicate that the largest cascades ( in terms of Frenkel pairs produced ) are associated with the largest dislocation loops, and the largest loops have the lowest formation energy per point defect. The relaxation volume shows a clear correlation with the Frenkel pair count, but for individual cascades there can be considerable variation. This is consistent with the preceding results, if the defect clusters are weakly interacting, as the relaxation volume should be determined by the degree of clustering rather than the total number of defects. On the basis of these simulations, it is reasonable to give a single relaxation volume per cascade. We find from the relaxed cascades Table 8 : The dimensionless relaxation volume anisotropy parameter α, as defined by the ratio of the smallest to the largest partial relaxation volume ( see equation 9 ), for idealised circular prismatic loops, fitted to
The constant term α 0 is derived using linear elasticity (equations 10 and 10), using the computed values for elastic constants ( see table 2 ).
Finally we can establish the predictive quality of the tabulated data presented here by using tables 3,5,6 to estimate the relaxation volume of a cascade configuration. After the initial Wigner-Seitz analysis of the cascade configuration, clusters of interstitials and vacancies were grouped where pairs of likecharacter point defects were separated by nearest-or next-nearest neighbours. As many clusters are too small to perform a DXA analysis [61] , we assert that all the interstitial loops are of 1 / 2 111 type. The relaxation volume for each defect is then looked up, and the total volume summed. The result is displayed in figure 8 . While there is some scatter for MNB potential, and possibly additional relaxation within the cascade for the DND potential, it is clear that the simple empirical fits for mesoscale defect relaxation volume give a reasonable estimate of the cascade relaxation volume. This is an important result for the transferability of our approach. It indicates that even in the extreme case of high-energy defects formed close together in a cascade, the interaction between defects has a small effect on their relaxation volumes, and so elastically at least the defects can be treated as quasi-independent. This therefore demonstrates that the relaxation volume is a good phase field for multiscale modelling.
Comparison with isotropic linear elasticity
In section 2.3 we defined the anisotropy parameter in the partial relaxation volumes of idealised loop defects considered in section 2.2. The expected values of the anisotropy parameter can be computed using linear elasticity as follows. The dipole tensor for a dislocation loop with normaln and Burgers vector b and area A in isotropic elasticity is given by [62] 
where µ = (c 11 − c 12 )/2 and λ = c 12 are the shear modulus and Lamé constant. Einstein summation over repeated indices is assumed. If the normal and Burgers vector are parallel, as is the case here, this expression simplifies to Similarly, for a 1 / 2 [001] loop we find P 11 = P 22 = ±λN Ω 0 , P 33 = ±(2µ + λ)N Ω 0 , and P 12 = P 23 = P 31 = 0, and so the relaxation volume computed for a 100 loop in isotropic linear elasticity is also Ω rel = ±N Ω 0 but its anisotropy is α = 0.
Relaxation volume of a vacancy cluster
In this subsection, we derive an analytical formula for the relaxation volume of a mesoscopic spherical vacancy cluster, treating the problem in the linear elasticity approximation. The approach that we adopt here broadly follows the analysis by Wolfer and Ashkin [63] .
The elastic displacement field around a spherical vacancy cluster, taken in the isotropic elasticity approximation, is
where C and D are constant factors that we will derive from boundary conditions, and n = r/r. The strain and stress fields associated with the spherical vacancy cluster are [13, 63] 
where, as above, µ is the shear modulus of the material, and K is the bulk modulus.
We now find the relaxation volume of a spherical vacancy cluster of radius a embedded in a concentric spherical isotropic elastic medium of radius R. Boundary conditions for surface tractions at the surface of the vacancy cluster (r = a) and at the outer surface (r = R) have the form
where p a is the pressure of gas accumulated inside the vacancy cluster (for example helium or hydrogen), p R the external pressure, and γ is the orientationaverage surface energy. From the boundary conditions we find
which in the limit of zero external pressure (p R = 0) and R a simplify to
Substituting the coefficients (equation 24) back into equation 21 gives the magnitude of the displacement at the outer surface u(R), and hence the change in volume.
After some rearrangement we find
The first term is the response of the outer surface to the external pressure and its surface energy, independent of the presence of the void in the interior. The second term is the relaxation volume due to the void,
In the limits p R = 0 and R a, this simplifies to
where ν = c 12 /(c 11 + c 12 ) = λ/(2λ + 2µ) is Poisson's ratio. If the internal pressure in the vacancy cluster is zero (p a = 0), or in other words if there in no helium or hydrogen gas inside the vacancy cluster, the relaxation volume is negative and is proportional to the surface area of the cluster
The radius of a spherical void can be related to the number of vacancies N it contains,
where Ω 0 is the volume per atom, so we could also write
where a 0 is the lattice constant and Ω 0 = a 3 0 /2 for a bcc metal. Table 9 : The relaxation volumes and formation energies (eV) in the limit of a large spherical void found by fitting to simulation data (calc), as tabulated in 6 and using a surface energy only model (equations 29 and 31).
From this equation it follows that the relaxation volume per vacancy in a vacancy cluster (a void containing no gas) is negative and varies as the inverse third power of the number of vacancies that it contains
and vanishes in the macroscopic limit N 1. We can compare the relaxation volumes computed using atomistic relaxations to the predictions from the above surface energy model, by substituting the elastic constants and spherically-averaged surface energies γ, as computed in section A and tabulated in 2. If we use the same surface energy model for the formation energy, we find
The comparison is shown in table 9. We conclude that the relaxation volume and formation energy of voids in tungsten are well reproduced by a simple surface energy model.
Discussion of results
It is instructive to consider why two potentials which give very similar energies of formation for lattice defects nevertheless give quite different elastic properties. As shown in equation 4, the dipole tensor depends on the first derivative of the potential, and for the pairwise part V (r ab ) at least this is straightforward to analyse. The MNB potential descends from the smooth Ackland-Thetford form [33, 34] , whereas the DND potential is based on a piecewise cubic spline form. This latter form has a continuous second derivative, but discontinuous third, leading to a jagged second derivative. In the case of the DND potential, this second derivative swings from large positive to negative values. This in turn means that small changes in relative atom positions leads to large changes in the forces on the atoms. The MNB potential, by contrast, has a fairly flat first derivative. The CEA-4 potential [30] , which is also a cubic-spline form, but included fitting to forces during its construction, shares this flat first derivative for near equilibrium atom separations, but with more structure for greatly distorted structures. This is illustrated in figure 9 . The first derivative of the pairwise part of selected empirical potentials, in the effective gauge [33, 64] where ρ eq = 1,
The MNB potential is descended from the smooth Ackland-Thetford form [33, 34] , whereas the DND potential is a piecewise cubic spline which did not consider the first derivative during fitting. Vertical lines are drawn at first and second nearest neighbour positions. Note that the DND potential is not unstable at short separation, as might be inferred from this plot, as it is stabilised by its many-body part. In MD simulations the ZBL correction is also generally applied at short range [65, 59] . The Ackland-Thetford pairwise potential is very similar to the MNB.
In section 2.4 we found that the relaxation volume per cascade is proportional to the number of Frenkel pairs contained. We can make an estimate for the relaxation volume per cascade if we make the assumption that the lattice defects are isolated and idealised. Sand et al [6] suggest that clusters should be produced in cascades with a frequency given by the power-law
and in ref [66] give exponents for large clusters for interstitial-type and vacancy clusters in bulk tungsten cascade simulations as S I = 1.6 and S V = 2.0 respectively. The expected relaxation volume per Frenkel pair is then
with q I/V (N ) being the weighting for interstitial/vacancy clusters of size N ,
and Ω I/V (N ) given by the fits in tables 6, 3, and 5. This gives the values Ω rel /Ω 0 = 0.87N F P for MNB. For DND and CEA4 the prefactor is 0.80 and 1.31 respectively. Though not a perfect match, this simple calculation returns that MNB has a larger relaxation volume than DND, and that both have a scaling factor a little under unity. This is observed in the expensive atomic relaxations in figure 7.
Conclusions
In this paper we have computed the relaxation volumes of a wide range of lattice defects in tungsten, using three empirical potentials and density functional theory. We have presented the data in a number of scatter plots, but have also presented tabulated data for empirical fits to the results. It is hoped that the data in this form is readily applicable to a range of coarse grained models which include require either the elastic interactions between defects or the engineering stresses and strains induced by the defect population. We have found that there is some considerable variation in absolute values of the relaxation volumes of defects compared across the EAM potentials we have considered. This is because the defect elastic properties were never considered in the parameter fitting. We were, however, able to identify some cross-potential trends. The relaxation volume per point defect varies according the specific configuration of the defect cluster, but for small defect clusters (N < 10) is likely to remain in the range ±10%. This means that the size and character ( vacancyor interstitial-type ) is sufficient information to predict the elastic properties. Larger clusters (N > 10) are most stable as dislocation loops, categorised by a Burgers vector, or in the case of vacancies are more stable as voids (N < 6 × 10 5 for MNB or N < 3 × 10 6 for CEA4 [55] , and we find N < 8 × 10 6 for DND).
1
/ 2 111 and 100 dislocation loops and voids are sufficiently dissimilar to require their own branches to predict their elastic properties. We showed in section 2.4 that the relaxation volume of a cascade is proportional to the number of Frenkel pairs it contains, with a positive coefficient around unity. The structure in the relaxation volume per point defect is to some extent averaged out by the range of sizes of defects produced in a cascade. The expected number of Frenkel pairs per cascade is itself proportional to the PKA energy, according to the NRT formula [67] , a result broadly confirmed by MD simulation [4, 68] . Hence we can say that as a rule-of-thumb, the relaxation volume per cascade increases linearly with PKA energy. As the defected microstructure evolves, annihilation between vacancy-type and interstitial-type will reduce the relaxation volume significantly, preserving the linearity with Frenkel pair count. Coalescence of small defect clusters will have a smaller effect on the relaxation volume. As we have found a potential-dependent nonmonotonic variation of the relaxation volume of individual dislocation loops with defect count N , it is not clear at this point whether coalescence will increase or decrease the relaxation volume. DFT calculations of the dipole tensors of large loops may be able to answer this question in the future.
A Average surface energy
In this appendix we find the average surface energy suitable for a spherical void given calculated values of the surface energy on facets. As we are working with cubic crystals, we expand the surface energy in cubic harmonics Y mn (x, y, z) = x 4 + y 4 + z 4 m x 2 y 2 z 2 n ,
where x, y, z are direction cosines, so that the surface energy at a general direction is interpolated as g(x, y, z) = mn a mn Y mn (x, y, z)
We can fit available surface data to the lowest orders of Y mn . It is most common in the literature to see data for 110 , 100 , 211 , and 111 planes, in which case it suffices to take 0 ≤ m, n ≤ 1. Writing the surface energy for the 110 plane as γ 110 , and similarly for the others, we find a 00 = −γ 100 + 2γ 110 a 10 = 2(γ 100 − γ 110 ) a 01 = 27(γ 100 + 3γ 111 − 4γ 211 ) a 11 = −54(γ 100 + 3γ 111 − 6γ 211 + 2γ 110 ).
The spherically-averaged surface energy,γ, can be found by integrating over the surface of the sphere: 
It should be noted that two assumptions are made here, firstly that voids are unfacetted, and secondly that the surface energy varies smoothly with the orientation of the facet, so this interpolation should not be applied uncritically to other cases. However, this simple expression does give a single value for surface energy suitable for use in our analytical calculations of void relaxation volumes.
